In this paper we explore all cases of the spherical neutral AdS black hole evaporation process in four dimensional conformal gravity. The equations of states are branched. In one branch the final states correspond to the extremal black hole and the total decay time is divergent with any initial mass. In the other branch the black holes can always evaporate completely in finite time, and total decay time is in the linear order of AdS radius ℓ when the mass is taken to infinity.
Conformal (Weyl) gravity, which is described by a pure Weyl squared action, has attracted considerable interest as an alternative theory to Einstein gravity. Due to the equation of motion and conformal symmetry of conformal gravity, any conformal class of the Einstein solution arises naturally as a solution of conformal gravity. With a Neumann boundary condition, conformal gravity can select the Einstein solution out [1, 2] . Furthermore, unlike Einstein gravity, conformal gravity has been shown to be perturbatively renormalizable in four dimensions [3] , thus providing interesting approaches to quantum gravity [4] .
Another appeal of conformal gravity comes from cosmology. Although Einstein gravity can describe the physics within the Solar system perfectly, there are still some puzzles left on large scales, such as the inconsistency with the observation of galactic rotation curves and accelerating universe. The unknown "dark matter and dark energy", have to be introduced to fix the problems. Thus one may wonder whether it is possible to modify the gravity to explain the physics at a large scale, while maintaining the behavior at the scale of the Solar system. Since conformal gravity admits more solutions than Einstein, it can produce the effective potential consistent with the observed phenomenon, making it a compelling modified gravity theory [5] [6] [7] [8] .
Although conformal gravity and Einstein gravity may share the same space-time solutions, thermodynamic quantities of the black hole, such as the entropy and mass, depend on the action rather than the metric. The difference from the action means that the black hole thermodynamics of the two gravity theories would be different. The thermodynamic phase structure for the conformal gravity in the four-dimensional AdS space-time was explored in [9] [10] [11] [12] . The research shows the phase structure of the conformal gravity is very rich, including two branches of equations of states, zeroth-order phase transition, and Hawking-Page like phase transition etc. * xuh5@sustc.edu.cn However, there are still some puzzles left. More than forty years after the discovery of Hawking radiation, its precise nature and consequences are still, to a large extent, open questions. The radiation causes a black hole to lose mass and thermal entropy if there is not sufficient incoming radiation to prevent this. For a non-rotating neutral Schwarzschild black hole with mass M 0 in fourdimensional asymptotically flat space-time with no incoming radiation, we expect it has a lifetime t ∼ M 3 0 , which grows as the cube of the mass and diverges when M 0 → +∞ [13, 14] . Similar analysis was also carried out for a spherical black hole in AdS space-time [15] and was later extended to flat and hyperbolic black holes [16] . The gravitational potential of AdS space-time on the boundary acts like a finite confining box for the black hole. Massless radiation particles can escape to infinity and reflect back in finite time. However, if we choose an absorbing boundary condition [17] so that Hawking radiation is absorbed by the AdS boundary and no radiation comes back to prevent the evaporation, we can calculate the time for the black hole mass to drop from one initial value to another, which is of great interest in holography [18, 19] . In [15] , Page made a counter-intuitive discovery that this time does not diverge even when the initial black hole mass is taken to infinity.
Since the thermodynamic phase structure of conformal gravity in AdS space-time has been explored, it is natural to investigate the black hole evaporation process, which points to an area where extensive research should be carried out, especially whether the total decay time is also finite when the black hole mass is taken to infinity.
We start by giving a brief review of the black hole thermodynamics in conformal gravity [9] [10] [11] [12] . The gravity action is proportional to the square of the Weyl tensor,
where the coupling constant α has dimensions of [length] 2 . Notice that some thermodynamic quantities, such as the black hole mass, entropy, and Gibbs free energy, are proportional to α. The exact value of α does not change any qualitative features of the thermodynamics. Without loss of generality, we set α = 1 in the present work. In other words, the black hole thermodynamic quantities are described in unit of α.
The simplest form of spherical black hole solution for four dimensional conformal gravity [20, 21] is
where
Due to the conformal symmetry, the Weyl rescaling of above metric remains a static spherically symmetric solution. Four integral constants, c 0 , c 1 , d, Λ appear in the metric, which obey a constraint
We have a discrete freedom in choosing the constant c 0 ,
If we take c 1 = 0 and c 0 = 1, the solution reduces to the well-known Schwarzschild (A)dS black hole. The Λ plays the role of cosmological constant, which comes from the integral rather than from the action. Here we borrow the language of extended phase space and treat it as effective pressure P = − Λ 8π thus allows it to vary . The black hole mass is defined to be the conserved charge of the timelike killing vector [9] 
The temperature is proportional to the surface gravity at the black hole horizon r 0
and its conjugate, i.e. the entropy is
We can find that the entropy is a combination of c 0 , r 0 and d rather than just being proportional to the area of the horizon [9] . The first law of black hole thermodynamics and the Smarr formula in extended phase space have been investigated in [9] [10] [11] [12] and will not be review here. Using f (r 0 ) = 0 and (4) to eliminate other unnecessary coefficients, we can find that the equations of states are branched [11] . One of them is
the other one is
We use r 0 as an intermediate parameter to avoid the overwhelming complexity of formula T (P, S). We can also apply the following two equations to investigate the possible critical behavior [10, 11] ,
and obtain the critical point
where X = √ 2 − 2 √ 3/3. This critical point only appears in c 1 > 0 and corresponds to the zeroth order phase transition.
Now we concentrate on the black hole evaporation process. The black hole mass M and entropy S should be monotonically decreasing functions of time. We shall apply the geometrical optics approximation, which assumes massless quanta move along null geodesics [15] . If we orient the angular coordinates and normalize the affine parameter λ, the geodesic equation takes the form
where E = f (r) dt dλ and J = r 2 dθ dλ are the energy and angular momentum of the massless quanta respectively. Considering a null geodesic comes from the black hole horizon, it will return to the hole when there is a turning point satisfying dr dλ 2 = 0 thus cannot be detected by the observer on the AdS boundary. If we introduce b ≡ J E , then the massless quanta can reach infinity if and only if b satisfies
for any r ≥ r 0 , thus we need to find the maximal value of f (r) r 2 . Depending on the exact form of f (r), there are different cases. The f (r) r 2 may admit a maximal value corresponding to an unstable photon orbit r p , such as in the spherical AdS black hole case [15] . Or it may be monotonically increasing and approaches 8πP 3 near the boundary, such as in the flat AdS black hole case [16] .
For the conformal gravity with metric (2), we can investigate the f (r) r 2 in different signs of c 1 and c 0 . In TA-BLE I we list all possible values of r p so that we can find the impact factor b 2 c = r 2 p f (rp) . Here the none means the r 2 is a monotonic function of r 0 and the impact factor b 2 c = 3 8πP . When c 1 = 0 and c 0 > 0, the black hole metric reduces to the Schwarzschild AdS metric, and the photon orbit radius r p = − 3d 2 . When c 1 = 0 and c 0 > 0,
which goes to − 3d 2 as c 1 → 0. When c 1 > 0 and c 0 < 0,
which goes to +∞ as c 1 → 0. In c 1 ≤ 0 and c 0 < 0, the f (r) r 2 is a monotonic function of r 0 .
According to the Stefan-Boltzmann law, we conclude that in four dimensional space-time the Hawking emission power (luminosity) is
with some numerical constants C. Since we are only concerned about the qualitative features of the evaporation process, we shall ignore this constant. The qualitative features of the thermodynamic phase structure and the impact factors depend on the signs of c 1 and c 0 . We will investigate them in all different situations.
1. c 1 = 0. In this case, the equations of states for the two solutions become
and
which correspond to c 0 = −1 and c 0 = 1 respectively. The isobaric curves are presented in FIG.1 . For c 0 = −1, the curves are monotonically increasing, and T → 0 as S → 0, which corresponds to an extremal black hole. When the black hole evaporates and loses mass and entropy, the temperature decreases so the evaporation process is increasingly difficult. However, for c 0 = 1, the black hole is in an analogy with the Hawking-Page phase transition in Schwarzschild AdS black hole from Einstein gravity [52] . For each P the black hole admits a minimal temperature. The curve with negative slope to the left of the minimum corresponds to small black holes that are thermodynamically unstable. Black hole that reaches these states will soon be evaporated completely. Notice that the black hole entropy includes a pure constant 1 even in r 0 = 0. It can be removed by introducing a Gauss-Bonnet term in the action [9] . In FIG.2 we provide some numerical examples of the black hole evolution. We introduce ∆M , defined as ∆M = M 0 − M f . M 0 is the initial mass. M f is the final mass, which corresponds to the T → 0 in c 0 = −1 and T → ∞ on the left side of the minimum in c 0 = 1. In the first figure, we can observe the black hole mass decreases rapidly in the beginning but the evaporation slows down quickly and it will take infinite time to reach zero temperature, which obeys the third law of thermodynamics. However, in the second figure, although we set the initial mass to be very large, the total decay time to Hawking emission is still finite. This result agrees with the case of the Schwarzschild AdS black hole in Einstein becomẽ
In FIG.4 we present the isobaric curves in theT − S plane. The solid and dotted lines correspond to the c 0 > 0 and c 0 < 0 cases respectively. Notice that there is also a region of (T 2 , S 2 ) with negative c 0 . See [11] for detailed discussion. We can observe that the radius (and also mass and entropy) is bounded from above for each P due to the −32πPr 3 0 − 3r 2 0 + 4 term. We give a brief discussion about the black hole evaporation in AdS space-time. Unlike asymptotically flat space-time, in AdS space-time the black hole mass is determined by both the cosmological constant and the black hole radius, thus it seems unnatural to compared the black hole evaporation process in different cosmological constants. The best we can do is to take the limit r 0 → ∞ and then study the relationship between the total decay time and the cosmological constant. In Einstein gravity the total decay time is in the order of ℓ 3 , while in conformal gravity with c 1 = 0 and c 0 = 1 it is in the order of ℓ. However, in c 1 > 0 the black hole mass and radius are bounded from above for each P , so we cannot take the limit r 0 → ∞. The numeral analysis shows in c 0 > 0 the black hole can evaporate completely in finite time, depending on the explicit values of the P and initial mass. In c 0 < 0 the total decay time is divergent in any P . We omit the numerical example.
3. c 1 < 0. In this case, similarly we can also introduce the dimensionless quantitiesr 0 = r 0 |c 1 | andP = P the black hole massM = M |c1| and temperatureT = T |c1| . The equations of states now take the form 
Now the black hole radius and mass are unbound. In FIG.5 we can observe the the isobaric curves are in an analogy the the case of c 1 = 0. The c 1 which acts as an correction can be ignored in large mass limit, thus does not change the qualitative features. In FIG.6 we present some numerical examples of the black hole evolution. In c 0 < 0 the total decay time is divergent and in c > 0 it reminds finite. The relationship between the total decay time and AdS radius is presented in FIG.7 .
In this paper we explore all different cases of the spherical neutral AdS black hole evaporation process in four dimensional conformal gravity. When the c 0 < 0, the final state is the extremal black hole with zero temperature and entropy. The evaporation slows down quickly near the final state and it will take infinite time to reach it, which obeys the third law of thermodynamics. When the c 0 > 0, the final state corresponds to T → ∞ and r 0 → 0. In c 1 > 0, the black hole mass is bounded above, thus the total decay time is finite. In c 1 ≤ 0, the black hole mass in unbounded, we can observe the decay time is also finite even when the initial mass is taken to infinity.
Similar analysis may also be extended to charged and/or rotating black holes. In Einstein gravity, Page proved an asymptotically flat rotating neutral black hole always loses angular momentum more rapidly than it loses mass [53] . For the charged black hole, the production of charged particles should be treated separately from the massless particles, but they are all part of Hawking emission. The explicit evolution process depends on both the initial black hole mass and charge [54] [55] [56] . It would be interesting to consider such examples in conformal gravity. Furthermore, in the present work we only concentrate on the qualitative features of the black hole evaporation. To get a precise lifetime one has to compute the grey body factors of all the particles in the theory [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] . More importantly, near the end of the evaporation, the black hole gets extremely hot and effective field theory starts to fail. This process has yet to be fully understood. We hope to be able to consider these questions in our future work. 
